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Abstract 

Translation-invariant valuations on the space are examined. We prove 

that such functionals vanish on functions with compact support. Moreover a rich 
family of non-trivial translation-invariant valuations on is constructed through 

the use of ultrafilters on M. 
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1 Introduction 

The concept of valuation arises in a fairly natural way when trying to formalize the idea 
of “how big something is”. Take for examples two finite sets A and B: a reasonable 
way to evaluate how big these sets are (whence the name “valuation”), is counting their 
elements. We know that 

\AUB\ = |A| + \B\ -\AnB\, 
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as we must be careful not to count the elements in the intersection twice. 

Functionals that satisfy that property are nowadays called valuations, although the 
hrst mathematician to ever study them (Hugo Hadwiger) referred to them as “Eikorper- 
funktional” (literally egg-body functional) in [^. Hadwiger’s work provided a complete 
and elegant characterization of a special class of “regular” valuations over the family of 
compact convex sets (shortly, convex bodies) of the Euclidean n-dimensional space. He 
restricted his attention to those valuations that are rigid motion invariant and continuous 
with respect to a certain metric (called Hausdorff metric) and proved that they can 
be written uniquely as a linear combination of (n -|- 1) fundamental valuations (called 
quermassintegrals). In the same proof, Hadwiger also proved that rigid motion invariant 
monotone increasing (with respect to set inclusion) valuations can be expressed as a linear 
combination (with non negative coefficients) of the quermassintegrals. 

Since then many others have tried to expand or generalize the results of Hadwiger (by 
changing assumptions on invariance and regularity) and to classify valuations defined on 
other classes (usually function spaces). 

Recently the concept of valuations has been extended from collections of sets to those 
of functions as well. Let C be a class of functions dehned on a set X which take values in 
a lattice Y. If n, n : X —)■ F we set {u V v){x) := u{x) V v{x) and {u A v){x) := u{x) A v{x) 
for all X & X. 

A map /i : C —)■ M is said to be a (real valued) valuation if 

p(m y v) + fi{u Av) = fi{u) + /i(n) 


holds true for all u,v E C such that u V v,u A v also belong to C. Usually, an additional 
property is required, namely that /i(0) = 0 for a certain function 0 G C; notice that the 
role of 0 is usually palyed by the constant function with constant equal to 0 although 
some alternatives are also possible (see for a case where the function constantly equal 
to oo is used). 

Valuations defined on the Lebesgue spaces L^iMA) and U’{S'^), 1 < p < oo, were 
studied by Tsang in 18 . The results of Tsang have been extended to Orlicz spaces 
Valuations of different types (taking values in KX or in spaces of 


by Kone, in |11| . 

matrices, instead of M), defined on Lebesgue, Sobolev and BV spaces, have been considered 
T5l 


m 


19 , 13 


1^, 1^, 21 and [ig (see also 14 for a survey). 


Other interesting results are due to Wright, that in his PhD Thesis 22 and subse 


quently in collaboration with Baryshnikov and Christ in [^, studied a rather different 
class, formed by the so-called definable functions. We will not present the details of the 
construction of these functions, but we mention that the main result of these works is a 
characterization of valuation as suitable integrals of intrinsic volumes of level sets. 

In this paper we will focus on the space L°°(M), i.e. the set of functions u : M —)■ M 
which are measurable and moreover satisfy 


\u\ 


:= inf < a G 


m [u 


-1 


a,cx))) = 0 


< oo, 


where m denotes the Lebesgue measure on the real line. We recall that IHloo is a semi¬ 
norm and it becomes a norm whenever functions that coincide almost everywhere with 
respect to the Lebesgue measure are identified. From now on we will always refer to the 
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identified space and require valuations on L°°(]R) to vanish on the function 0 which is 
constantly equal to 0. 

The aim of this paper is to hud a family of non-trivial examples of valuations /x on 
which are translation-invariant (i.e. fi{u) = fi{u o T) for all u G and all 

translations T of the real line). 

A. Tsang in provided a complete classihcation of translation-invariant continuous 
valuations on for 1 < p < oo. Indeed he proved that every translation-invariant 

continuous valuation /i : —>■ M can be written as 


fi{u) 


{h o u){x) dx, 


where h : M —?• M is a suitable continuous function with h{0) = 0 which is subject to a 
growth condition depending on the number p. 

The case p = oo is extremely different from those treated by Tsang and this paper will 
convince you of that. It is well know that functions in can be approximated by a 

converging sequence of L^-functions with compact support (and hence if p : —)■ M is 

a continuous valuation, knowing how to compute p on L^-functions with compact support 
is equivalent to knowing p itself). The same thing is clearly not true for L“(M) in general. 


Moreover, a hrst important result of the present paper (see Proposition 3.3) consists in 
showing that translation-invariant valuations on L°°(]R) simply vanish on functions with 
compact support. 

This raises the question of whether we could actually exhibit an example of non-trivial 
translation-invariant valuation on L°°(M) (a valuation is said to be non-trivial if it does 
not assign the value 0 to every function). A non-constructive answer to this question will 
be given in sections from 4 to 8, where the axiom of choice is used to create translation- 
invariant extensions of the limit operator (called Banach limits) relying on a heavy use of 
ultrahlters. It would indeed be interesting to prove whether any constructive example of 
such valuations can be given. 

Finally, the last section of this paper shows how the process described above could be 
adapted to work with valuations on with n > 1. 


I would like to thank professor Andrea Colesanti for introducing me to the study of 
valuations and encouraging me to write this paper on my own while giving me precious 
advices. 


2 Preliminaries and notations 

As customary in mathematical analysis, N := {1,2,...} will denote the set of natural 
numbers; moreover, the symbol “C” will be used for set-inclusion, while “c” is reserved 
for strict inclusion. As we will mostly be working in dimension 1 (the n-dimensional case 
will only be treated in section]^, we will always use the simplihed notation L°° instead 
of L°°(M); moreover, given two functions G L°°, we will write u = v to mean that 
they agree almost everywhere in M with respect to the Lebesgue measure. If A C M, then 
will denote the complement M \ A. For all real c, we set c to be the constant function 
c(x) := c for all a: G M. 
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Let ACM and u, v be real functions of one real variable; we will always write {u G A} 
instead of {x G M | u{x) G A} and {u = n}, {u < n} instead of {x G M | u{x) = n(a;)} 
and {x G M I u{x) < n(a;)} respectively. 

Let t G M and n be a real function, then Ttu{x) := u{x — t), i.e. TtU is the function 
whose graph is obtained translating that of n by t to the right; therefore we will say that 
a valuation n : —)■ M is translation-invariant whenever 

jj{u) = M. 

Given a valuation /i : —)■ M we say that it is monotone if for all u,v E with 

u < V almost everywhere we have niu) < moreover fx is said to be continuous 

if it is continuous with respect to the L°°-metric, i.e. for all (nn)„gN C such that 
\\un — = 0 we have ufun) = uiu). 

We recall that the concept of limit at ±cx) can be dehnied for functions in as 
follows: 


lim u{x) = I if Ve > 0 3a G M : u{x) G i?e(/) for almost every x > a. 

X^OO 

Limits for x —)■ —cx) are dehned by replacing the “a; > a” above with “a; < a”. Notice 
that such limits are not dehned for all functions in (extending them in a suitable way 
will be the main task of this paper); however, if u{x) exists, it is equal to 7tu{x) 
for all real t (in other words, limits are translation-invariant functionals). 

Moreover, in order to aid the reader in understanding at a glance the hierarchical 
depth of the entities we use, throughout this paper we will stick to the following habit: 

• real numbers will be denoted by lower case letters (e.g. a,b,c,e,...), 

• sets of real numbers (i.e. subsets of M) will be denoted by Latin capital letters (e.g. 
A,B,C,...), 


• families of sets of real numbers (i.e. subsets of P(M)) will be denoted by Latin 
calligraphic capital letters (e.g. A, B,C,...), 

• families of families of sets of real numbers (that is the deepest we will need to go 

in this paper, i.e. subsets of P(P(M))) will be denoted by Latin script-style capital 
letters (e.g. £/, ...). 

3 Isolating the tail parts 

In this section we will make rigorous what stated in the introduction, i.e. that translation- 
invariant valuations on (unlike the related case concerning L^(M'^) with 1 < p < oo) 
only care about the behaviour at inhnity of the functions they are valuating. 

We will say that two functions u,v E have disjoint support ii u ■ v = 0. The 
following lemma shows that addition distributes with respect to V and A when functions 
with disjoint support come into play. 
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Lemma 3.1. Ifu,v G L°° have disjoint support, then 

(m + u)VO = mVO + vVO, 

(m + u)AO = mAO + vAO. 

Proof. Consider x G M such that u{x) = 0, hence 

{u{x) + v{x)) V 0 = v{x) V 0 = u{x) V 0 + v{x) V 0. 

If we consider x such that v{x) = 0 we reach the same conclusion, then, as {m 7 ^ 0} fl 
{n 7 ^ 0 } is a null set, we have that 

(M + n)V0 = MV0 + nV0. 


Distributivity with respect to A is analogous. □ 

It is also easy to prove that valuations on L°° behave like additive functionals when 
the functions considered have disjoint support. 

Lemma 3.2. Let u,v E L°° have disjoint support; let fi : L°° -E M. be a valuation. Then 

p.(u + n) = p,{u) + /i(f). 


Proof. Let us hrst prove the lemma under the additional hypothesis that u,v >0 almost 
everywhere. Consider x such that u{x) ■ v{x) = 0, without loss of generality we may 
assume that u{x) >0 and v{x) =0. Hence 


u{x) + v{x) = (m V v){x). 


(3.1) 


As (3.1) holds true also when u{x) = 0 and v{x) > 0, we conclude that u + v = uV v. In 
a similar way one could prove that u Av = 0, hence by the valuation property of /r. 


+ n) = p.{u V v) = pi{u) + /i(n) — /i(0) = pi{u) + pi{v). 

The same conclusion can be drawn when m, n < 0 almost everywhere (in this case mVu = 0 
and u Av = u + v). 

We will now prove the lemma in the general case. Let u,v E L°° be functions with 
disjoint support, then 

fi{u + n) = fi{u + n) + /i(0) = jJL ifu + n) V O) + /x [{u + n) A O) ; 
by Lemma m 

in ((m + n) V 0 ) + /x ((xx + n)A0) = /i(xxV0 + nV0)+/i(xxA0 + nA0). 

Notice that, as u,v have disjoint support, so do xx V 0, n V 0 and xx A 0,x; A 0. Thus, 
employing what we have proven so far. 


/X (xx V 0 + x; V 0)+/x (xx A 0 + x; A 0) = /i(xxV0)+/i(xiV0)+/i(xxA0)+/i(x;A0) = /i(xx)+/x(xi). 


□ 
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We recall that a function u G L°° is said to have compact support if it vanishes almost 
everywhere outside a bounded interval. 

Proposition 3.3. Translation-invariant valuations on L°° vanish on all functions with 
compact support. 

Proof. Let /i : L°° —)■ M be a translation-invariant valuation on L°° and let u G L°° have 
compact support. Without loss of generality we might suppose that u vanishes almost 
everywhere outside (0, n) for some n G N. We “prolong u periodically to the right” in the 
following way: 

u{x) := u{rx) for all a: G M, 

where rx is the only real number in [0,n) satisfying x = mn + rx for some natural number 
m. 

Notice that u and %iU have disjoint support (see Figure [^, moreover 

u TnU = u. 



Figure 1: Prolonging u periodically to the right 


As /i is a translation-invariant valuation, by Lemma 3.2 


P-(m) = -h TnU) = p,{u) -F piiTnU) = fi{u) 


We conclude that p,{u) = 0. 


□ 


Proposition |3.3| tells us that translation-invariant valuations “do not see” what hap¬ 
pens in a hnite portion of M but rather only detect differences in asymptotic behaviours. 
We could also separate the two contributes of asymptotic behaviours at -|-cxd and —oo 
respectively. Given a valuation p, on L°°, we will introduce the foilwing notation: 


Jl{u) := p{u ■ X(o,oo)) and p{u) := p{u ■ X(-oo,o)) Vu G L°°. 

It is easy to prove that, if /i is a valuation, then also Jl and p are one (we will refer to 
them as the right and left tail of p, respectively). Moreover, if p is translation-invariant, 
continuous or monotone, then its tails inherit these properties. 

As, obviously, p = p p for every p, we could assume without loss of generality that 
p coincides with its right tail. 
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4 Banach limits of functions in 


Banach limits were first introduced as a means to generalize the concept of limits of 
(bounded) real sequences. 

The existence of a continuous, linear, shift-invariant functional 0 : M (where 

denotes the set of bounded real sequences) that extends the usual limit is usually proven 
using the celebrated Hahn-Banach Theorem (see for instance (^), and we refer to for a 
construction which employs the use of ultrafilters. We emphasize that both constructions 
highly depend on the axiom of choice. 

In this section we will show that Banach limits could easily be dehned on L°° as well. 
Later in this paper Banach limits will be used to provide a family of non-trivial, monotone 
(or continuous), translation-invariant valuations on L°°. 

We will now give the dehnition of a Banach limit for L°°. 

Definition 4.1 ((right) Banach limit). A linear functional 0 : L°° —>■ M is called a (right) 
Banach limit if the following properties hold: 

• > 0 for all u G such that u>0 almost everywhere, (positivity) 

• 4>{Ttu) = (f>{u) for all real t, (translation-invariance) 

• (fiu) = u{x) whenever the latter is defined, (extension of the limit operator) 

Remark 4.2. Left Banach limits might also be dehned replacing the third property with 
4>{u) = u{x) (i.e. left Banach limits extend limits to —oo of arbitrary functions). 

An easy consequence of Dehnition |4.1| is that Banach limits are continuous functionals 
(indeed, they belong to the dual, {L°°)*). 

Proposition 4.3. Banach limits are continuous 


Proof. Let u G L°°, if we set m := we have that —m < u < m almost everywhere. 
That implies that m — u > 0 almost everywhere. Positivity of 0 yields 0(m — u) > 0, 
which in turn implies (by linearity) that (j){m) > 4>{u). Then, as (j){m) = m (remember 
that 0 extends the usual limit operator), we get m > (j){u). Proceeding in an analogous 
way we get —m < 4>{u) < m which can be rewritten as |0('u)| < m = IlMilg^. We conclude 
that 0 is a continuous linear functional as claimed. □ 


Sections!^ andare devoted to carefully showing that there actually extists a linear 
functional satisfying the properties listed in Dehnition |4.1 The hrst step in this process 
consists in dividing the family of subsets of M into two disjoint families of “small sets” 
and “large sets”. 


Definition 4.4 (Filter on M). A family iF of subsets o/M is called a hlter if the following 
holds: 


FI) MgJ^, 
F2) 0 ^ 
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F3) VA, B ^ T we have An B ^ T, 

F4) \l A G T and 'iB C M with An B then B ^ B. 

A filter on M might be thought as a family of “large sets”. Consider a filter B and 
an arbitrary ACM: it is immediate to realize that A and A^ cannot both belong to B, 
because, if this were the case we would get 0 = A fl A'" G -F, which is a contradiction (by 
F2) ; on the other hand it could happen that neither A nor A'" belong to T (consider for 
instance the trivial filter {M}). 

Definition 4.5 (Ultrafilter on M). A filter U on M is said to be an ultrafilter if, for all 
ACM, either A G Id or A^ & U. 

From now on the words “(ultra)filter” will be used as a synonym of “(ultra)filter on M ” 
unless otherwise specified. 

In the present paper we are interested in a particular class of ultrafilters, namely “right 
Lebesgue-ultrafilters”. 

Definition 4.6 (Lebesgue, right and left ultrafilters). An ultrafilter U is a Lebesgue- 
ultrafilter if, for all Lebesgue-null set N nM. we have G U. Moreover, an ultrafilter U 
is said to be a right (respectively, leftj ultrafilter if {a, oo) (respectively, (—oo,a)) belongs 
to U for all a G M. 


Remark 4.7. No ultrafilter can be simultaneously right and left, because of F3 and F2. 

Notice that the existence of right Lebesgue-ultrafilters (and actually of ultrafilters in 
general) cannot be taken for granted (as it will be shown in section]^ some more definitions 
and Zorn’s lemma are essential to prove it). Let us leave the problem concerning the 
existence of right Lebesgue-ultrahlters aside for a moment and let us assume that there 
actually exists at least one (which will be called U), under this assumption it is fairly easy 
to create a linear functional that satishes all the properties of Dehnition 4A except for 
translation-invariance if we assume the existence of a right Lebesgue ultrahlter. 


5 Construction of ultralimits through Lebesgue-ultrafilters 

Definition 5.1 ((Right) ultralimits on L°°). Let U be a (right) Lebesgue-ultrafilter and 
let u G . If there exists a real number I such that 

Ve > 0 there holds {x G M | \u{x) —1\ < e} = {u E Bfil)} G U, 

we say that I is the (right) ultralimit of u with ultrahlter U (UAimit of u, for short), and 
we write 

limw = 1. 
u 

At this point we cannot conclude yet that, given a Lebesgue-ultrahlter, the corre¬ 
sponding ultralimit is well-dehned (i.e. for every u G L°° there exists one and only one 
I G M such that hm u = I, which is moreover independent of the representative chosen). 
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Proposition 5.2. Given a Lebesgue-ultrafilter lA, the functional 


lim : ^ 

u 


introduced in Definition \5.1 is well defined. 

Proof. Let us prove uniqueness first. Suppose that there exists a function u in L°° such 
that 


limu = li and limu = I 2 with li h- 
u u 

As li 7 ^ I 2 there exists £ > 0 small enough such that fl Bfil 2 ) = 0. Now, since both 

li and I 2 are W-limits of u we have that 


{u G B^(li)} G W, {m G B^(l 2 )} G U. 


By F3 we have 


U 3 {u G B^(li)} n {u G B^(l 2 )} — {u G Bfili) fl Bfil 2 )} — {u G 0} — 0; 
which is a contradiction. 

Before proving existence, we will show that the set of admissible W-limits of a hxed u 
is a bounded set (although, as far as we know at this stage, it might be empty!). Consider 
u G L°°, by dehnition there exists 6 > 0 such that {u ^ [—b, 6 ]} is a Lebesgue-null set. We 
claim that, if n = I then I G [—b,b]. Suppose that n = I with I ^ [—b,b] instead, 
therefore we can hnd e > 0 small enough such that B^{1) fl [—b,b] = 0. As n = I 
we have that {u G B^{1)} G U; moreover {u G [—b,b]} G U (because {u G [—&,&]}'" has 
Lebesgue measure zero and W is a Lebesgue-ultrahlter). Putting all this together we get 

U 3 {u e Bfil)} n {m G [— 6 , b]} = 0; 


contradiction. 

We are ready to prove existence. Consider u G L°° and 6 > 0 as before. Suppose that 
the set of all admissible W-limits of u is empty. From the previous considerations this can 
be restated as 

V/ G [-b,b] 3ei>0: {u E B,fil)} ^ U. (5.2) 

As [—b, b] is compact, we can extract a hnite family of Vs, namely li,... fin such that 

n 

[-b,b]<z[jB,, 

i=0 


where we have set Bi := B^^ {Ifi. As {u G [—b, b]} is the complement of a null set, we have 
that {u G [—b,b]} G U and thus, by F4, {u G ljr=i ^ Hence G Bfi G W, 

which in turn implies that one of the sets {u G Bfi {i = 1,... ,?7,) belongs to U (this is 
due to the dual of F3). That is a contradiction, as we had supposed, by (5.2) that none 
of the {u G Bifis was a member of U. 
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Finally, let m = n (in particular {u = v} G W). Suppose m = /; we claim that also 
V = 1. Take an arbitrary e > 0. We have that {u G G U. We need to show that 

also {n G G W. As a matter of fact 


{veB,{l)}^{veB,{l)}n{v 


&A 



ew ew 


thus {n G !?£(/)} G W (by F4) and therefore H™ v = I as claimed. 


□ 


Having proven that ultralimits are well dehned, we are ready to show some basic 
properties, namely linearity, positivity and extension of the usual limit. 

Proposition 5.3. Let U be a right Lebesgue-ultrafilter. Then 

• 11™ {au + I3v) = a 11™ M + /d H™ v Va, /? G M Vu, v G L°° (linearity); 


• >0 ifu>0 almost everywhere (positivity); 

• 11™ M '^( 2 ^) if the latter exists (extension of the usual limit). 

Proof. Let us prove additivity hrst. Let G L°° and set H™ u =: ^ 1 , =■ h- Take 

an arbitrary £ > 0 , then 

{m + u G Bi;{li + I 2 )} ^ {u G B^/2ih)} n {u G He/2(^2)}; 

^ ^ 

■V* "V* 

therefore {u + u G B^i^li + ^ 2 )} and additivity is proven. Consider now u G and 
a G M. Set H™ u = 1] we want to show that H™ (au) = a H™ u. The case a = 0 will be 
treated separatedly: 

limOu = limO = 0 = 0 limu; 
u u u 

as a matter of fact, Ve > 0 we have {0 G ^£(0)} = M G W. Let now a 7 ^ 0. For all e > 0 

{au G Be{al)} = {u G B^/afl)} G U. 

Let us now prove positivity. Take u G L°° with the property that u > 0 almost 
everywhere and suppose H™ u = / < 0. There exists £ > 0 small enough such that 
Beil) C (— c)O,0). Therefore {u G B^^l)} C {u g (— cx),0)}. As m > 0 almost everywhere, 
being U a Lebesgue ultrafilter, the set {u G (— 00 , 0)} does not belong to U (hence neither 
does {u G Be{l)}). 

Finally we prove that H™ extends the usual limit. Let u G L°° be a function such that 
11™ u(x) exists and is hnite (we will call it /). We claim that also H™ u = /. Notice that 
for all £ > 0 there exists a G M such that 


\u{x) — l\ < e for almost every x > a. (5.3) 

In other words {u G B^{1)} D (a, oc) fl A^l", where N is the set where (5.3) fails to be true. 
As A^ is a null set, Eti, therefore 

(a,oo) n A^^ C {u G Be{l)}eU. 


&A 


□ 
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Remark 5.4. One might be tempted to define “bilateral” ultrafilters in order to extend 
limits as |x| —>■ oo. In fact, if we define an ultrafilter U to be bilateral whenever 


U D 



a, 6 G M, a < b 




then ultralimits along bilateral Lebesgue-ultrafilters do actually extend the limit operator 
as |x| —)■ oo. The reason why bilateral ultrafilters are not interesting per se is that there 
actually does not exist a single bilateral ultrafilter which is neither a right or a left one. 
To prove it, consider a bilateral ultrafilter U and assume without loss of generality that 
(0,oo) G U (notice that either (0, oo) or (—oo,0) belongs to U). This implies that every 
set of the form (a, oo) belongs to U (and hence W is a right ultrafilter). The assert is 
trivial if a < 0; on the other hand if a > 0 we have 


(0, a] U (a, oo) = (0, oo) G U, 

which can happen only if (a, oo) G U (remember that (0, a] ^ U as U is bilateral). 
Analogously, if (—oo,0) G U, we deduce that U is a left ultrafilter. 

Remark 5.5. Notice that ultralimits are in general not translation-invariant. 

Let, for instance, 

A:= IJ lk,k + l), 

Z^k odd 

and consider its characteristic function u '.= x a- It is clear that u is a 2-periodic function, 
alternatively assuming the values 0 and 1. It can be proven that i™ u is either equal to 
0 or 1 (although the exact value of the limit depends on the choice of the ultrafilter U). 
Indeed, V/ ^ {0,1} we can find £ > 0 small enough such that B^{1) fl {0,1} = 0. We 
conclude that {u G i?e(/)} = ^ hence m ^ I- Even though we cannot determine 
a priori wheter ii™ u equals 0 or 1, it can be shown that i™ Tiu ^ "W- Notice that 

Tiu = 1 — u. This observation yields 


lim u = lim Tiu = hm(l — u) = 1 — lim u. 
u u u u 

In other words, in order for the two limits to coincide, they both must be equal to 1/2 
(which contradicts i™ u G {0,1}). 


6 Construction of Banach limits through ultralimits 


ultralimits (as defined in Definition |5.1[) are not Banach 


As we have noted in Remark 5.5, 
limits (in the sense of Definition 4.1) because they fail to be translation-invariant. 

Here we will introduce a way to construct Banach limits using ultralimits. This tech¬ 
nique is an adaptation to the continuum case of a standard construction of Banach limits 
for number sequences by means of ultrafilters on N (we refer to for more details). 

First we will need the following preliminary construction. 


11 












Definition 6.1 (Cesaro-like average of a real function). Let n : M —)■ M &e a bounded 
measurable funetion. We define its Cesaro-like average n : M —)■ M as 


u{x) 


n(0) if X = 0, 

Uo'^(y)^y 


where we used the convention f{y) dy := — f{y) dy ifb< a. 

Remark 6.2. Since the boundedness of u implies that also u is bounded (we can say more: 
in fact if |n| < m almost everywhere for some m > 0, we can show that |n| is bounded 
almost everywhere by the same constant), we can assert that Cesaro-like averages induce 
a continuous linear operator ^—)■ in the obvious way. 


The following lemma introduces some interesting properties of Cesaro-like averages. 

Lemma 6.3. If u E L°°, then u> 0 almost everywhere implies n > 0 almost everywhere. 
Moreover, if hm ^x) = I then also hm ^(x) = 1. 

Proof. Let u > 0 almost everywhere. If a; > 0 then I u(y) dy > 0 as the integrand 
is non-negative almost everywhere, the limits of integration are ordered correctly (i.e. 
0 < x) and l/x is positive. On the other hand, if a; < 0, since the integrand is non¬ 
negative almost everywhere, the limits of integration are in the wrong order (i.e. 0 > a;) 
and 1/a; is negative, we can conclude that ^(a;) > 0 for almost every x. 

Let now u(x) = /, we will prove that u(x) converges to the same limit as a; —)■ cx). 
As u E L°°, there exists m > 0 sufficiently large for which |m| < m almost everywhere. 
As u{x) = I, for every e > 0 there exists a G M such that 

I — e < u{x) < I e for almost every x > a. 


Without loss of generality, we may restrict our attention to definitely large values of x (in 
particular, assume 0 < a; = a + 2 : for some positive z). Then we can write 


u[x) = — 

X 


u{y) dy = 


f'a+z 


a + z 


u{y)dy-i- / u{y)dy 


1 

< - 

a z 


i^a+z 


mdy / (/ -|- e) dy 


am z{l + e) 
a + z a + z 


am [x 

X 


a) if -\- e) 

X 


In a completely analogous way the other inequality can be proven, so that, for x sufficiently 
large we have 


am (x — a)(l — e) , am (x — a)(le) 

-h ^- - < u(x) < -h ^1 

XX XX 


Thus, 


I — e < hm inf u{x) < hm sup u{x) <l + e. 


X^OO 


X^OQ 


By the arbitrariness of £ we conclude that h™ uix) = 1. 

x—>oo ^ ' 


□ 
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We are now ready to define the Banach limit associated to a right Lebesgue-ultrahlter. 


Definition 6.4 (Banach limits associated to an ultrahlter). Let U he a right Lehesgue- 
ultrafilter, then we ean define the following functional —)■ M, 


i^liniM := limw for all u G L°°. 
u u 


Proposition 6.5. The functional defined in Definition 6.f is actually a Banach limit in 


the sense of Definition f.l 


6.2 


for 


Proof. Fix a right Lebesgue-ultrahlter lA. 

First of all the functional is well dehned, because, as stated in Remark 
every u G L°°, u G L°° as well. 

Linearity is also obvious as is the composition of two linear operators. 
Moreover, if u > 0 almost everywhere, then also u > 0 almost everywhere by the hrst 
claim of Lemma 

U u — 

implies that also hm u(^x) = I 


Let now hm ^ix 

X—>’OC '' 


and therefore u = u > 0. 

M LA 

= I, the second claim of Lemma 


6.3 


and hnally, as ultralimits extend the usual limit operator, we conclude that B^^ffi u = 


lim z-u = l. 


In order to prove translation-invariance, we will hx u G and f G M and show 
that {u{x) — Ttu{x)) = 0. The claim = ^lim j'^y follows by linearity and the 

extension property of that have just been proven. Consider a: > 0, then 




u{x) - Ttu{x) = - u{y) dy -/ u{y + t)dy = - u{y) dy -/ u{y) dy 


X 


X 


X 


X 


1 

X 



(^y- u{y)dy 





dy 


u{y) dy . 


Since u G L°°, we can hnd a positive constant m such that |m| < m almost everywhere. 
We deduce that 

, ,, 2h|m 
\u{x) — Ttu{x)\ < 


X 


hence, letting x —>■ oo, we get Jifo u{x) — Ttu{x) = 0. 


□ 


We have hnally proven the existence of Banach limits modulo the existence of right 
Lebesgue-ultrahlters. In the following section we will show a construction of such ultra- 
hlters that employs Zorn’s lemma. 


7 On the existence of right Lebesgue-ultrahlters 

Definition 7.1 (FIP). A family S of subsets of a set X is said to have the hnite inter¬ 
section property {FIP for short) if the intersection over any finite subcollection of S is 
not empty, in other words 

n 

Vn G N VDi, ..., Dn G iS we have Dn 7 ^ 0. 

i=l 
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Example 7.2. The sets 


Af := |-B CM is a Lebesgue-null set | , IZ ;= {(a, cx)) | a G M} 

are closed under finite intersections and do not contain the empty set as one of their 
elements; in particular this implies that they have the FIP. 

Lemma 7.3. Let S be a non-empty family of subsets o/M with the FIP, then the set 


(5) := {A C M I 3neN: 3Di, ...,D^eS: Q A C A} 

i=l 


is a filter (it is called the filter generated by S). 

Proof. It is clear that M G {S). Moreover, suppose that 0 G {S), we would have some 
Di, ..., Dn G S with 

n n 

pjD, C0 ^ = 

i=l i=l 

which contradicts the FIP of S. 

Let A, B G (5), then nr=i ^ fljli ^ some Di, ..., A,..., An ^ 
S. This implies 

QAnB. 

hence A fl i? G {S). 

Finally let A G {S) (which means A D 0^=1 some suitable Dfs in S) and 

consider A P B PM.. It is immediate to prove that also B G {S) as 


pjACACE. 

i=l 


□ 

In order to hnally prove the existence of right Lebesgue-ultrahlters, we will need the 
following version of the axiom of choice, known as Zorn’s lemma (we refer to for more 
details). 

Lemma 7.4 (Zorn’s lemma). //A is a partially ordered set such that every chain SS P sA 
has an upper bound in A, then A contains at least one maximal element. 

Before proceeding with our work, let us recall some basic dehnitions. 

Definition 7.5 (Partially ordered set). Let £/ be a set; a relation < on £/ is said to be a 
partial order if it is reflexive, antisymmetric and transitive. Moreover < is called a total 
order if\/A, B E £/ either A < B or B < A holds true. 

Definition 7.6 (Chain). Let be a set partially ordered by <, a subset ^ P siA is said 
to be a chain if < induces a total order relation on SS. 
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Definition 7.7 (Upper bound). Let be a set partially ordered by < and let SS C . 
We say that has an upper bound in if there exists A E ^ such that B < A for all 
BeBS. 


Definition 7.8 (Maximal element). Let £/ be a partially ordered set with order relation 
<. An element M. E is a maximal element if for all C E £/ with AA. < C we have that 
necessarily M. = C. 

Remark 7.9. If is a family of sets, then sA is partially ordered by the set inclusion 

C. 


Theorem 7.10 (Existence of right Lebesgue-ultrafilters). There exists at least one right 
Lebesgue-ultrafilter on M. 


Proof. The first step consists in proving the existence of at least one maximal filter con¬ 
taining Af and TZ (see example 7.2). In the final step we will show that such a filter is 
indeed a right Lebegue-ultrafilter. 

Consider the following set 


sz/ := {J^ I is a filter on M and Af UH P iF} . 


We are going to apply Zorn’s lemma to sA. We claim that sA is non-empty (hence the 
empty chain has an upper bound in sA). In order to prove it, we will show that the set 
AfAlZ has the FIP. Take some Ni,... , E Af and Ri,..., Rg E R; as both Af and 71 are 
closed under finite intersections, as pointed out in Example |7.2[ without loss of generality 
we can restrict our attention to the case t = s = 1. Indeed, take N E Af and (a, oo) G 7Z 
and suppose that N fl (a, cx)) = 0; in other words we are assuming N C (—c)0,a], thus 
^ (a, oo), which is a contradiction, as is a null-set. Ks Af A 7Z has the FIP, the 
filter {Af U 71) is well defined and thus sF 

Consider now an arbitrary non-empty chain C jF. We will prove that 

g-.= [jBEsF, 

so that in particular we will have shown that ^ has an upper bound in sA. As WuT?. C B 
for all B E just need to prove that ^ is a filter. As M G S and 0 ^ S for all G 

we have that M G ^ and tj) ^ Q Take now two arbitrary A,BeQ, we have that A E Bi 
and B E B 2 for some Bi,B 2 E as is a chain, without loss of generality we may 
assume that Bi C B 2 , hence A,Be B 2 . Since B 2 is a filter, AD B E B 2 g G- Let now 
A E G and let i? C M such that A O B] as A E G have that A E B for some suitable 
B E hence, as S is a filter, also B E B, hence B E G- We have just proven that every 
chain SS G sA (be it either empty or non-epty) has an upper bound in sA. Therefore 
Zorn’s lemma ensures us the existence of a maximal element hi E sA. We are now going 
to prove that U. is an ultrafilter. 

Take an arbitrary ACM. If we show that either A or A'" belongs to U. we can 
conclude that hi is an ultrafilter. Assume, towards a contradiction, that neither A nor 
a'" is an element of hi. Then we claim that hi U {A'"} has the FIP. This can be proven 
by contradiction: suppose, without loss of generality, that here exists U E U such that 


15 





t/ n = 0. This means that U O A, thus A E U, leading to a contradiction. As 
U U {A^} has the FIP, we can deduce that U {U A {A'"}), hence, by maximality, 
U = (UA{A^}) 3 a'", which is against our previous assumptions. We have therefore proven 
that U is an ultrahlter containing M and 7^, i.e. it is a right Lebesgue-ultrahlter. □ 


8 Contruction of valuations on through Banach 
limits 


With all this machinery at disposal it is fairly easy to provide some non-trivial examples 
of translation-invariant valuations on 


Proposition 8.1. LetU he a right (or left) Lebesgue-ultrafilter, then the functional 


B lim : ^ 

u 


defined in Definition 6.4 is a non-trivial, monotone, continuous, translation-invariant 
valuation. 


Proof. Let u,v E L°°. Now, as for all x G M, {u(x),u(x)} = {u(x) V v{x),u{x) A u(x)}, 
we can write 

u-\-v = u\/v-\-uAv. 

Therefore, by linearity: 


B lim u B lim v = B lim (u\/ v) -\- B lim (u A v) 
u u u u 


Moreover, as Banach limits extend the usual limit, 0 = 0, in other words the func¬ 
tional -Bbm is a valuation. Proposition 6.5 tells us that jg monotone, continuous 


and translation-invariant; it is moreover non-trivial because B^^ffi 1 = 1 7 ^ 0 . 


□ 


The following lemma will help us extend the result of Proposition 8.1 


Lemma 8.2. Let / : M —)■ M &e monotone non-decreasing (respectively, continuous), then 
the map 

f : 

u I —)■ f o u 

is well defined and monotone non-decreasing (respectively, contiunuous in the L°°-metric). 


Proof. Let u G L°°. It is simple to check that also fou belongs to L°° (i.e. the application 
is well dehned); indeed / is Borel measurable whenever it is monotone or continuous and 
hence so is / o u. To show that f o u is bounded almost everywhere, recall that there 
exists some m > 0 such that —m < u{x) < m for almost every x G M. If / is monotone 
non decreasing, then 


inf / < f{u{x)) < sup / for almost every x G M, 
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where the extreme values above are actually attained in case / is either monotone or 
continuous. Thus f o u E L°° as claimed. 

If / is monotone, then / inherits the same property. How continuity of / translates 
into that of / is more delicate. Suppose now that / is continuous and take an arbitrary 
sequence functions in L°° converging to u G L°° in the L°°-metric. 

As ll'^^nlloo ll'^^lloo’ deduce that the sequence (■Un)„gN is bounded, in particular there 
exists a real number m such that 


—m < Mn < m, —m < u < m for all n G N, almost everywhere in M. 
Moreover, since / is continuous in M, it is uniformly continuous in [—m,m], i.e. 

Ve > 0 3(5 > 0 : Vf,s G [—m,m]; |t — s| < S |/(f) — /(s)| < e. (8.4) 
We assumed that ||m„ — mH —)■ 0, in other words: 


Vr; > 0 3no : N 3 n > Uq 


IUt). 


< 7 ]. 


(8.5) 


Fix now e > 0: we can hnd a suitable (5 > 0 such that (8.4) is satisfied; moreover, if we 
set rj := (5, using (8.5) we find a natural number no such that, Vn > no we have 

^)| <11 n„ — n||oo < ^ for almost every x G M. 


\un{x) 


u[x] 


Hence (by (8.4)) for all n > no the following holds: 

\f{un{x)) — f{u{x)) \ < e for almost every x G 

Passing to the essential supremum yields ||/(nn) — f{u 
words f{un) -3 f{u) in the L°°-norm as claimed. 


< e dehnitely in n. In other 

□ 


Proposition 8.3. Let / : M —)■ M 6e either monotone non-decreasing or continuous and 
such that /(O) = 0 and letU he a right (or left) Lehesgue-ultrafilter; then ;i{-) := /(■) 

is a translation-invariant valuation on L°°. Moreover, if f is monotone (respesctively 
continuous), then also fi is monotone (respectively, continuous). 


Proof. Reasoning just like we did in Proposition 8.1| we have 

f{u) + f{v) = f{u V n) + /(n A v) 


( 8 . 6 ) 


for all u,v E L°° and all / : M —)■ M as above (notice that all functions in (8.6) belong to 
L°° by Lemma 8.2). Hence /i(n) + /i(n) = p.{u V n) + p(n A v) for all u,v E L°°. 

Moreover, as /(O) = 0 by hypothesis, p(0) = /(O) = Hi™ 0 = 0, whence p is a 

valuation. Translation-invariance of /i is implied by by that of Banach limits. 

By Lemma 8.2, monotonicity (respectively, continuity) of / implies that also /i is 
monotone (respectively, continuous). □ 


It is noteworthy that Proposition 8^ does not exhaust all the possibile translation- 
invariance valuations (be they either monotone or continuous). Nevertheless many other 
valuations can be formed, for instance the sum of a hnite number of those introduced in 
Proposition 8.3 (taking the Banach limits possibly with respect to distinct ultrafilters) or 
even the series of countably many of them as we will see in the following proposition. 
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Proposition 8.4. Let be a countable family of either right or left Lebesgue ultra¬ 
filters. Let be a family of real valued functions such that /i(0) = 0 for all i E N 

and 

OO 

sup \fi\ < OO for all m > 0. (8.7) 

i=l 

Then the functional 

p : ^ M 

is a translation-invariant valuation. Moreover, if the fi’s are monotone (respectively, 
continuous) then so is ja. 


Proof. For the sake of notation, we will set 0j(-) := /*(■). First of all, condition 

) tells us that the functional /i is well dehned, as the series is absolutely 

convergent for all u G L°°. For obvious reasons p is a translation-invariant valuation. 

Let now the ffs be monotone and let u,v E L°° with u < v almost everywhere. As 
the (fiS are monotone (see Proposition |8.3[) we have that 



0^(^^) < 0i(t’) Vn e N, 

^=1 i=l 


hence, passing to the limit as n —)■ oo we obtain /i(n) < p(n). 

Let the ffs be continuous this time and consider a sequence (nn)„gN in such that 
Un ^ u E L°° in the L°°-metric. As ||Mn||oo ll'^llooi know that there exists a real 
number m > 0 such that m > llwnlE, nr > ||m||„ nil n E N] this implies that, for all 


and snp \f.\ is convergent by hypothesis, the dominated convergence theorem for 

[—m,m] 

series implies that 

OO OO 

lim = y^diiu). 

n^oo 

i=l i=l 

□ 


i,n E N, |0j(Mn)| < ®np |/j|. Moreover, as the (ffs are continuous by Proposition 

i—m.mi 


i.3 


9 The n-dimensional case 


The choice of working in dimension 1 is mostly due to psychological reasons, rather than 
mathematical ones. Indeed right (or left) Banach limits of bounded real functions of one 
variable seemed to arise naturally as an easy generalization of Banach limits of bounded 
real sequences. Anyway it turned out that the almost totality of the proofs in these paper 
could be adapted to deal with valuations on L“(M”) without much effort. 

Translation-invariant valuations still vanish on functions of compact support even in 
the u-dimensional case. Indeed if, for all m > 0 and hyperplane H C M"', we set 


Bm{H) := jx G M" I dist(x, H) < m} , 


we can state the following stronger result (compare with Proposition 3.3). 
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Proposition 9.1. Let n : —)• M &e a translation-invariant valuation. If u & 

L°°{ML) is such that u vanishes almost everywhere outside Bm{H) for some hyperplane 
H C ML and some m > 0, then fi{u) = 0. 


Sketch of the proof. Prolong u periodically in a direction which is orthogonal to H and 
then conclude just like we did in Proposition |3.3[ □ 


In order to dehne Banach limits in the n-dimensional setting one could think of re¬ 
tracing the whole process shown in sections from 3 to 7 of this paper (i.e. proving the 
existence of suitable ultrahlters on M”, then proceeding to dehne ultralimits and hnally 
Banach limits through an appropriate adaptation of the Cesaro-like average). It is in fact 
true that one can dehne ultrahlters and ultralimits just like we did in sections 4, 5 and 
7, but even in this case, as ultralimits fail to be translation-invariant, one must resort to 
Cesaro-like averages anyways. That being the case, the following dehnition of Cesaro-like 
average permits to obtain translation-invariant functionals, while not having to rely on 
ultrahlters on M” for n > 1. 


Definition 9.2 (Cesaro-like average of a real function of several real variables). Let 
M : M"' —)■ M &e a bounded measurable function. We define its Cesaro-like average u : M —)■ M 
as 


u{x) := 


IB. 




u{y)dy ifx>0, 


where |B,r(0)| denotes the n-dimensional Lebesgue measure of the sphere; 
while we set 

u{x) = 0 if X <0. 

It is now easy to prove that the just dehned operator induces a continuous linear 
operator ^ : L°°{M^) —)■ L°°{M). Moreover, following Lemma 6.3 as a guideline, it is 
straightforward to show that the operator above preserves order and limits, i.e. for all 
u e L°°(M^) 


u > 0 almost everywhere 
lim u(x) = I 

|tc|^oo 


M > 0 almost everywhere; 


lim u{x) = 1. 

X^OO 


Therefore, for every hxed right Lebesgue-ultrahlter U we have a linear, order-preserving, 
continuous functional 

Blim ; L°^{M^) —^ M 

u I—> Blimw. 


Translation-invariance can be proven as in Proposition 6.5, namely, Vf G M”, Vu G 
L°°(W'), we need to show that Ttu{x) — u{x) = 0. To that end, if we consider a: > 0, 
we get 


Ttu{x) — u{x) = 


B.(0)| 


'Sx(O) 


Ttu{y) dy - 


Ba;(0)| Jb^{o) 


u{y) dy = 


B,r(0) 




u{y -t)dy- 


'Sx(O) 


u{y) dy = 


Bx( 0 ) 


u{y) dy - 


B,e( 0 ) 


' Bx(-t) 

u{y) dy - 


'B^{0) 


u{y) dy = 


' B^{-t)\B^{0) 


' Bj;{0)\Bx{-t) 


u{y) dy 
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Therefore, if we indicate symmetric difference by A, i.e. A A B : 
can write 




< 2\\u 


A 5,(0) 

\BM\ 




{AUB)\{AnB), we 


and since 


|Bx(0)| 


tends to 0 as a; —)■ oo (see the next lemma), we conclude that 


lim Ttu{x) — u{x) = 0 

X^OO 


as claimed. 


Lemma 9.3. Fix t G M”; the following quantity (defined for all positive a; G 


|5,(t)n5,(0) 

l.Bx(0)| 

tends to 1 as x ^ oo. 


Proof. We will prove this lemma by induction. If n = 1 the claim follows easily as, for 
X >|f| /2, 


5,(t) n5,(0)| 

- = ' 

(t - x,t + x) n (-x,x)| 2x - t 


Bx{0)\ 


|(—x,x)| 2x 


Suppose now that the claim holds true for n = 1,..., fc; we are going to prove the claim 
for n = k + 1. Without loss of generality we may assume that t = (s, 0) G x M for 
some s G In order to ease the notation a bit, we will consider s fixed and introduce 
the following functions: 

/(a:) := |5,(s) n 5,(0)| , 5f(a:) := |5,(0) I Vx > 0, 


In other words, the inductive hypothesis for n = k can now be rewritten as 


lim 

X^OO 


f{x) 

9{x) 


1 . 


(9.8) 


Moreover, integrating over the layers (see figure yields the following representation of 
the claim in the case n = k + 1\ 


lim 

X^OO 


- r2) dr 
/T, g{Vx‘^ — dr 


lim 


% /o^/(\/x2 - r2) dr 
% g(Vx^ — r^) dr 


(9.9) 


Through the change of variable y := \/x^ — r^, and the introduction of the following 
auxiliary functions 


F{.x,y) 


fiy) 




yZ 


'fi{x,y) 


, (for 0<y<x), 

V ^ - r 


the limit in (9.9) can be rewritten as 


lim / o >( a ^) dy 
x^oc J^fj(x,y) dy 


1 . 


(9.10) 
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Figure 2: The above construction in the case n = 2 


By (9.8), if we £x £ > 0 we find a z > 0 such that, for all y > z, 

£/(l/)(l - ^) < f{y) < 9{y){^ + £)■ 

Therefore, we can split the integrals in ( |9.10[ ) to get the estimates we need, namely 

nx nz nx nx 

/ ^ix,y)dy= ip{x,y)dy+ ip{x,y) dy < z ■ (p{x, z) + {1 + e) 'ip{x,y)dy, 

Jo Jo Jz Jz 


and 


ip{x,y)dy>{l-e)l i){x,y)dy. 


Similar estimates can be obtained for the the integral containing as well; 


i){x,y)dy< j ^/J{x,y)dy < z ■^/J{x,z) + j ilj{x,y)dy. 


Therefore, 


(1 - XT y) ^y / /o" 2 /) dy ^ ^ ■ (p{x, ^) + (1 + e) J^^/J{x, y) dy 


< 


< 


z-'il){x,z) + j^'il){x,y)dy ^'il){x,y)dy 'il){x,y) dy 

Letting x —>■ oo we get (notice that Jip z • (p(x, z) = Jip z • ■^(x, z) = 0) 


1 — £ < lim inf 


XT y)dy fo y) dy 


^^{x,y) dy 
We conclude by the arbitrariness of e. 


< lim sup 


fo^(x,y) dy 


< 1 + e. 


□ 


Proposition 8^, the subsequent remarks and Proposition 8^ clearly hold true in the 
n-dimensional case as well. 


21 

















References 


[1] L.Amato, Valutazioni su spazi di funzioni con analisi dettagliata degli spazi e L°°, 
bachelor thesis, Universita degli studi di Firenze (2014). 

[2] Y. Baryshnikov, R. Christ, M. Wright,Hadwiger’s Theorem for definable functions, 
Adv. Math. 245 (2013), 573-586. 

[3] L. Cavallina, A. Colesanti, Monotone valuations on the space of convex functions, 
arXiv:1502.06729, 

[4] H. B. Enderton., Elements of Set Theory, Academic Press, Inc., San Diego, California 
(1977), QA248.E5. 

[5] H. Hadwiger, Vorlesungen iiber Inhalt, Oberfldche und Isoperimetrie, Springer- 
Verlag, Berlin-Cottingen-Heidelberg, 1957. 

[6] P. R. Halmos, Naive Set Theory, Springer-Verlag, New York, 1974. 

[7] D. Calvin, Ultrafilters, with applications to analysis, social choice and combinatorics, 
https://www3.nd.edu/ dgalvinl/pdf/ultrahlters.pdf. 

[8] M. Jerison, On the set of all generalized limits of bounded seguences, Canad. J. Math. 
9 (1957), 79-89. 

[9] D. Klain, A short proof of Hadwiger’s characterization theorem, Mathematika 42 
(1995), 329-339. 

[10] D. Klain, C. Rota, Introduction to geometric probability, Cambridge University Press, 
New York, 1997. 

[11] H. Kone, Valuations on Orlicz spaces and L^-star sets, Adv. in Appl. Math. 52 (2014), 
82-98. 

[12] M. Ludwig, Covariance matrices and valuations, Adv. in Appl. Math. 51 (2013), 
359-366. 

[13] M. Ludwig, Fisher information and matrix-valued valuations, Adv. Math. 226 (2011), 
2700-2711. 

[14] M. Ludwig, Valuations on function spaces, Adv. Ceom. 11 (2011), 745 - 756. 

[15] M. Ludwig, Valuations on Sobolev spaces, Amer. J. Math. 134 (2012), 824 - 842. 

[16] M. Ober, -Minkowski valuations on L'^-spaces, J. Math. Anal. Appl. 414 (2014), 
68-87. 

[17] L. Sucheston, Banach limits, Amer. Math. Monthly, 74 (1967), 308-311. 

[18] A. Tsang, Valuations on U’-spaces, Int. Math. Res. Not. IMRN 2010, 20, 3993-4023. 


22 


[19] A. Tsang, Minkowski valuations on L^-spaces, Trans. Amer. Math. Soc. 364 (2012), 
12, 6159-6186. 

[20] T. Wang, Affine Sobolev inequalities, PhD Thesis, Technische Universitat, Vienna, 
2013. 

[21] T. Wang, Semi-valuations on i?V(M”), Indiana Univ. Math. J. 63 (2014), 1447-1465. 

[22] M. Wright, Hadwiger integration on definable functions, PhD Thesis, 2011, University 
of Pennsylvania. 

Research Center for Pure and Applied Mathematics, Graduate School 
OF Information Sciences, Tohoku University, Sendai 980-8579 , Japan. 
Electronic mail address: cava@inis.is.tohoku.ac.jp 


23 



